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Abstract-With the Kirchhoff assumption. a stress resultant constitutive law as a function of the
kinematic variables for thin plates of power-!.\w hardening materials is derived under proportional
straining conditions. Also. in anall'gy to the J, defllrmatil>n plasticity and increment.1I pl;lsticity
theory. a now rule. b;lsed on the constitutive law. to dcscrihc the clastic plastic behavior of the
plate is proposed. The el'nstitutive hch;\villr of the plates subjected to uniaxial combined membrane
'"rce ;lOd bending mOIll.:nt is examin.:d in detail and the results ar.: compared with those fl'r the
cllrr,:splll1ding dastie plastic mat.:rials using th.: through-the-thickness integratilln l1lethlld. The
yidd surfaces for pllwer-Iaw materials arc construl:l.:d and the formation of v.:rtic.:s on the yidd
surf;\ces n'r perfectly plastic materials under such a loading condition is de;lrly d':lIlonstriited.

I. INTRODUCTION

For the purpose of dlicicntly simuhtting sheet metal forming processes by finite clement
methods. plate or shell theories with the Kirchholr assumption arc usually adopted to reduce
computational time. However. numerical integrations through the thickness of plates or
shells under clastic plastic deformation are necessary. This increases the need of com
putational storage and time. Therefore. constitutive laws. where the stress resultants such
,tS the membrane forces and moments are expressed as functions of the kinematic variables
such as the midplane str,lins and curvatures. are of interest.

The constitutive laws of incremental plasticity nature based on the stress resultants
have been proposed by Crislield (1974) and Bieniek and Funaro (1976) for thin plates of
elastic-perfectly plastic m.tterials as well us by Eggers and Kroplin (1978) and Eidsheim
and Larsen (19S I) for thin plates of clastic-plastic strain-hardening materials with a limit
yield surface. Also. Morman et al. (1984) generalized these works to finite deformation
formulation. Further applications of this type of constitutive law have been developed to
'lnalyze viscoplastic shells (Atkatsh et al.• 1983). dynamically loaded plates (Lukkunaprasit
and Kelly. 1979). stifl'ened plates (K Ult and Bieniek. (988). and composite laminated plates
(Bank and Bieniek. (988).

We have employed the constitutive la",:s of Crislield (1974), Bieniek and Funaro
(1976) and Eidsheim ,lOd Larsen (1981) to simulate sheet met,1! forming processes and
round that the results of the computations ;Igree well with the results using the through
the-thickness integration method for clastic-perfectly plastic materi'lls. However. for elas
tic -plastic stmin-hardening materials. the computational results are not satisfactory when
compared with the results using the through-the-thickness integration method. Conse
quently. we arc interested in constructing these types of stress resultant constitutive laws
for strain-hardening materials.

In a typical sheet met,tl forming process such as forming a body panel of an auto
mobile. the allowable highest plastic strains of material clements nre ,Ibout a few percent.
The loading path of a material element m,ly be nonproportional and complex. However.
in order to construct a simple constitutive law in this paper. we make the assumption that
all material elements experience nearly proportional loading conditions so that the use of
the deformation plasticity theory is justified (Budiansky. 1959). Furthermore. since we are
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Fig. 1. The conventions of a plate element.

interested in the cases where the plastic deformation is large compared to the clastic
deformation, the materials are assumed to be pure power-law materials. Then. the con
stitutive law can be expressed in terms of the stress resultants as functions of the currrent
deformation state. In analogy to the work of Storen and Rice (1975). we can conceptually
construct the yield surl~lce and then formulate a flow rule of incremental plasticity nature
in the stress resultant space to determine the work-conjugate strain rates as functions of
the stress resultant rates.

In particular, the results based on the stress resultant constitutive laws for pure power
law materials under uniaxial combined membrane force and bending moment are compan:d
with those for the corresponding elastic plastic materials using the through-the-thickness
integration method. The yield surfaces for the corresponding incremental plasticity theory
arc constructed. In the limit cases for power-law materials. the yield surfaces for pakctly
plastic materials arc compared with those of Rice (llJ72) and Bieniek and Funaro (1\)7(l).

~. A STRESS RESULTANT C()!"STITlJTI\T I.AW

Within the context of the small-strain approach, the strains of a thin plate element, as
shown in Fig. I, can be written with the Kirchhofr assumption as

(I)

where t! ,/1 represent the midplane strains and" 'II represent the curvatures. In general. the
plastic strain as a function of the tensile stress of a tensile test for steels and aluminum
alloys can be IItted by a power-law relation. We consider the cases where the pbstic strain
is much larger than the elastic strain. Therefore, we can usc a pure power-bw to describe
the material stress·-strain relation. The uniaxial tensile pure power-law stress-strain relation
is shown in Fig. 2. The generalized multiaxial constitutive relation based on the J 1 defor
mation plasticity theory is

cr

Pure power-law materials

Elasllc-plastic power-taw
materials

E

Fig. 2_ The stress -strain curves for pure power-law materials and the corresponding clastic plastic
materials.
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where ei; are the strains. u, (= nS,jS"J 12) the effective stress. Sij (= Ui;- !Ukk<>ij) the deviatoric
stresses. n the hardening exponent. U u the reference stress. and :x a material constant.

The stress field as a function of XJ for the thin plate element shown in Fig. I can be
derived by introducing eqn (I) into (2) with the condition of U JJ = U J I = U J2 = 0:

(3)

where

A./I = £1;.;.0./1+£1./1'

B./I = ,,;.,.0'/1 + "./1.

E = 2£'11 "·11 + 2£'12" n + ell "12 +£'21" 11+ 2£'12" 12'

F = "ir +"11"22 +"~2 +";2.

Then. the stress resultants N.'I and M./J for the plate clement can be derived as:

and

J
h.2 Jhi2 (A +8 ).11 "Ix J X.I

M. '1 = .' U.,IXI dx) = Q (D E F. 2)·.;' 1,,2n dx.J,
-hi1-h/2 + XJ + x)

(4)

(5)

where N. '1 and M.fl arc the membrane forces and moments which arc the functions of £1,'10

""1' and n. These functions are independent of XJ since we carry out the integrations over
a finite interval of XJ. Now, if we examine eqns (4) and (5) for nonlinear elastic power-law
materials. the constitutive law relating the stress resultants N. '1 and M.'1 to the kinematic
variables £1./1 and "./1 is completely specified.

Assuming all the material through the thickness is subject to the same proportional
straining condition. we have

(6)

and

(7)

where C I and C 2 are constants. Because
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and

where C) and C 4 are constants, a proportional straining condition is equivalent to a
proportional stressing condition. At any x" the necessary and sutficient conditions to satisfy
eqns (6) and (7) are

and
('"_ C
('II - :!.

h' I ~ (' I ~

I( I I (' I I

With l:qns (8) and (9), eqn (3) can be simplified as

(8)

(9)

( 10)

The function sign ( ) equals 1 when its argument is positive and equals - I when its
argument is negative. Hence, the stress resultants are derived as follows:

and

('" /I [I 1(1'''110+'101 1(1'''II''+'loJ= A xI -- --_. QR 1+-- - 1- -----
/ I( I I /I + I 2e 1 1 2e 1 I

1

I( 1I" II ~" r II". ( " 1III)] e,l- I - sign I - ---.- - N,//.
2e I I 2e 1 I "I I

( I I)

( 12)
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Note that eqns (I I) and (12) involve the ratio K II/ell' We can define a ratio C such that

(13)

Then eqns (I I) and (12) can be expressed as

N./l = QRA.ph/(CIl)

and

where f and 9 are functions of C and II only. The amplitudes of N./I and M./I are now related
to that of the strain by RA./I which represents a quantity with the amplitude of the strain
to 1/11 power. In this way. these two equations are in agreement with the general results for
power-law materials given as eqns (8) and (9) in Chou et al. (1988).

In pure bending cases. the midplane strains are equal to zero under the Kirchhoff
assumption. Equation (3) can be reduced to

Hence. the stress resultants arc

( 14)

N'II = 0 and ( 15)

As II approaches infinity in eqns (II) and (12) for perfectly plastic materi.t1s. the stress
resultants can be expressed as

(16)

and

(17)

3. UNIAXIAL COMBINED LOADINGS

We consider a thin plate subjected to uniaxial combined membrane force Nil and
bending moment Mil with the plane strain condition (f.~, = O. i = 1.2.3) and with the plane
stress (simple beam) condition (0" ~I = O. i = J, 2. 3). From eqns (II) and (12). we have

Nil = r ~II- ~ /(i'l' {I"" + /(11"/
1
"+ II." -Ie ll - ~l_l!!..ll"+ II"} (18)

11+1 (tl" 2 2

and
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where r = I for the plane stress condition and r = (2 \, ij)". I n for the plane strain
condition.

To chel.:k the validity of eqns (18) and (19). we compare the constitutive behavior
with that for the corresponding elastic--plastil.: materials using the through-the-thil.:kness
integration method. The stress-strain curves for pure power-law materials and the cor
responding elastil.:-plastil.: materials are shown in Fig. 2. For the convenience of presentation
of the results under combined membrane force and bending moment. we denote N for N I I.

M for Mil. (' for {'II' and /( for "'11' Also. we normalize the results of N by SI. (= (T"Il). M
by AlL (=(T"h~/4). {' by f!L (=(T,,/E). and /( by /(L (=3<1 0/£h). In Figs 3-6 where the
moment-eurvature relations are plotted. P-I.:urves (solid lines) represent the results of eqn
(19) and E-P curves (dotted lines) represent the results for the corresponding clastil.:--plastil.:
materials using the through-the-thickness integration method.
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Fig. 3. Cornpari,,'ns or the plane stress nlllrnenl curvature results under proportional stretching
and hending for pure power·law materials and the corresponding clastic plastic rnaterials.
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and ot:llding for purt: powt:r·law l1Ialerial~ and the corre~ponding da~licplastic lIIatt:rial~.

First. we examine the cases when: ratio C ( = ,,1I;2e) as detined in eqn (13) is fixed
during the monotonically increasing proportional straining processes. Figure 3 shows the
normalized moment-(;urvature relationship under plane stress conditions for C = 0.5 .lnd
2 and II = 3. 10. and'l•. In the ligures. P-curves and E-P curves become close to each other
when ""/"/. becomes large. For small hardening exponent 11. as shown in Fig. 3a.d. the results
based on egn (19) give a very good ,tpproxil1lation compared to the through-the-thickness
integration results. When C < J. as shown in Fig. 3d·f. each of the curves for clastic-plastic
materials has a peak because the clastic zone dominates the distribution of the moment
initially.

Figure 4 presents the norm,lIized moment-curvature results under plane strain con
ditions for C = 0.5 and 2 and 11 = 3. 10. and ::FJ. We can sec in the figures that the general
trends ,tre the same as those under plane stress conditions except that when" becomes
l'lrge. both curves do not match ex,lctly in cach case. The reason is that Poisson's ratio
,tlTects the results in the elastic zone under plane strain conditions. Here. we usc \' = 0.3 for
the corresponding clastic-plastic materials whereas the pure power-law materials modeled
by the J: deformation plasticity theory are incompressible. If we increase the value of
Poisson's ratio for the corresponding elastic-plastic materials. the dillcrence of both curves
in each case will decrease. In general. the pure power-law results agree well with the
elastic-plastic through-the-thickness intcgration results when ",./,,/. > 5. Note that (10/£ is
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Fig. 5. Comparisons of the plane stress moment ·curvature results suhjected 10 constant midplane
strain for pure power· law materials and the corresponding clastic ·plastic materials.

of the order of 10 ) for structural steels and aluminum alloys. Therefore. when the strain
is larger than I%, the pure power-law results will give good approximations for the elastic-
plastic behavior of the plates.

Figures 5 and 6 are the results of the normalized moment-eurvature relationship for
plane stress cases and plane strain cases under pre-strained loading conditions. where a
small midplane strain is kept constant while the curvature increases. Figure 5a·c shows the
plane stress results under pure bending conditions for n = 3, 10. and x., respectively. Figure
5d-f shows the plane stress results under the pre-strain condition of e/er = 0.5 for n = 3.
10. and XJ. respectively. Figure 6a-c shows the plane strain results under pure bending
conditions for n = 3. 10, and oc. respectively. Figure 6d-f shows the plane strain results
under the pre-strain condition of e/er. = 0.5 for n = 3. 10, and %. respectively. In each of
these figures. in spite of some ditferences at the initial bending stages. both curves become
close to each other at large ;';/;';1.• However. as in the monotonically increasing proportional
straining cases. Fig. 6a-f shows there exist slight differences between the pure power-law
results and those for the corresponding clastic-plastic materials under plane strain con
ditions as ;';/;';1. becomes large. This is due to the Poisson's ratio effect as explained earlier.
As shown in Fig. 5d-f for the plane stress cases and in Fig. 6d-f for the plane strain cases.
there exist transition points with discontinuous slopes for pure power-law materials. This
is due to sign (c II -/\ II 11/2) in eqn (19). from which different functional forms of the
solutions are generated for C larger and less than unity.
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4. COMPLEMENTARY POTENTIAL SURFACES

To facilitate further discussions. we define the stress resultant vector S and the gener
alized strain vector c as

(20)

and

(21 )

As shown in eqns (II) and (12). the constitutive law between Sand c is completely specified
under proportional straining conditions. When we construct the finite clement formulation
by variational principles. the tangent modulus D (S = Dc) for numerical iterations is needed
and it can be derived easily. But the approach mentioned above is valid only for power-law
nonlinear elastic materials.

For elastic-plastic materials. phenomenological plasticity theories based on the
invariants of NIp and M IP and interpolation between the initial yield surface and the limit
yield surface are available in Crisfield (1974). Bieniek and Funaro (1976). and Eidsheim
and Larsen (1981). In Eidsheim and Larsen (1981). material plastic hardening is incor
porated within the framework of Crisfield (1974) and Bieniek and Funaro (1976) with the
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assumption that the etlixtivc stress will asymptotil.'ally reach a limit value and therefore the
limit yield surface is still applicable. However, the results are not satisfactory when these
constitutive laws were used in simulating the forming processes of thin sheets of plastic
hardening materials. Therefore, m: an: interl.'sted in constructing a phenomenological
plasticity theory where material plastic hardening can be accounted for.

Of coursc, the constitutive law of the rorm given hy eqns (II) and (12) is applicable
when the plastic deformation is large compan:d with the dastic deformation and the
loading path is nearly proportional. Illlwever, during sheetmctal rtlrllling processes, dastic
unloading may occur and the yield conditillns arc therefore needed to determine the state
of dastic unloading or plastic 10~lding after initial unloading.

Motivated by the con.struction llf the r~lte form or the .l~ deformation plasticity in
Stiiren and Rice (l'n5), we cln Cllnstruct the now rule fllr the ctJrn:sponding incrcmental
plasticity theory based on the derllnll~ltinn plasticity relatinn of Sand l' in eqns (II) ~Ind

(\2). As shown in Stiiren and Rice (\975), when wc seck the rate form of the constitutive
law for Mises materials, the plastic strain rate in the defllrmation plastil:ity theory c~ln he
decomposed into tWll components. One can be identified as the component given by the
constitutive law or the cllrn:spondlllg incremental plasticity for Mises matt:rials. The other
is at a tangent to the M ises yidd surface. As sketdled in hg. 7, dS and de of a pun: power
law deformation plastil:ity material arc shown at a giv'en Sand c in the S space. We
dccompose dc intt) two I:llmpllncnts dl"ll and dl,l:r, where dc'lr is paralld tOl' and dc':' is
normal to c. Under propllrtillnal Illading c()nditinns, til":' is ICro and dl,llr equals til': the

yield surfaec, by dclinition with the assumplitJn of normality, must be nllrmal to dt, tJr c.
Thercforc, wc can construl:t thc yield ,urfal:c of incremcntal plasticity, which i, ntJrmal to
c, in the S space based on thc eonstilutiVt: law of eqns (II) and (12). In this way. the
plastic rcsponse ofinl:remental plasticity I:oinl:idcs with that ofdcformation plasticity under

proportional Illading I:tlllditions.
The yidd surracc construl:ted in thi, W~IY really CtllTCspllntls to lhc complementary

potcntial surfacc of dcl'ormation pla,ticity. The complemcnt~lrypotcntial 'I' of dcformation
plasticity i, dclined as

c,

which indicatcs that the gcncrali/eJ strain Vt:ctor is normal to thc complemcntary potential
surface. For a constant complemcntary potcntial 'I' in the S spacc, wc havc

" 'I'd'l' = _. dS, = (', tiS, = O.
(.'I,

(22)

For the purpose of illustration, we will construct the complementary potential surfaces
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(or the yield surfaces of the corresponding incremental plasticity theory) under uniaxial
combined membrane force N and bending moment M in the following:

d(M/h)
d'l' = 0 = e dN+ K dM or

dN
(23)

where C is defined in eqn (13). According to eqns (18) and (19). the ratio of Mill to N is a
function of C only. That is.

(24)

where F- I represents the inverse function of F. To find the yield surface. we can integrate
eqn (24) starting from an arbitrary set (N°. MO). Note that for pure power-law materials.
the yield surfaces (or the complementary potential surfaces) are self-similar. Here we choose
Nil = 'XlTllil and Mil = O. where 'X = I in plane stress cases and 'X = 2/J3 in the plane strain
cases. The function of the yield surface is represented by an integral equation as

~f = f·V - -_~(~M/-';)- dN'.
2F---

VII N'

(25)

...

We can numerically integrate eqn (25) and plot I'" (= MjMiJ as a function of iii (= N/NtJ
for several values of II.

Figure Xa.b shows the yield surl~lces under plane stress conditions and under plane
strain conditions. respectively. for II = I. 3. 7. and 00. The surfaces under plane stress
conditions. as shown in Fig. Xa. arc smaller than those under plane strain conditions. as
shown in Fig. Xb. for each II because there are more constraints in the latter case. Due to
the factors It'll + K 1/1/21 and Ie II - K 1111/21 in eqns (I X) and (19), there are four sets of
constitutive equations depending on C. Thus. in the stress resultant space. there are four

(0)

-0.2 +--I---.---.---.-_-.-.aLI,---j
-0" 0.2 0.4 a., 0.1

lVII.

IbJ
I ....r--r-----------..,

I.U ..

~ ....
a.•'

O. IS

~. '!u+--+--........--.......--.......- ........---.--...£I.Lju
MIll.

Fig. 8. The yield surfaces in the ,,/ -iil plane under pl;lnc stress conditions (al and plane strain
conditions (b).
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Fig. 'J. Four subdomains divided by two transition lines in the Ji-iv plane.

subdomains corresponding to these four sets of constitutive equations. These four sub
domains are separated by two transition lines (C = ± I) which pass through the origin with
the slopes ± (4n + 2) - I, as shown in Fig. 9. The slopes of the yield surfaces are continuous
when the yield surfaces pass through the transition lines. In Fig. 8a,b, when n increases, the
curvatures of the yield surfaces at the it axis increase. Also, the magnitude of the slopes of
the transition lines decreases such that the size of subdomains I and 3 decreases. Conse
quently, when n appro~:ches infinity, the slopes of the transition lines become zero and
subdomains I and 3 degenerate and coincide with the N axis. Therefore, only subdomains
2 and 4 exist for n =: IX:. Because the yield surface goes through subdomain 2 into subdomain
4 directly, it is clearly shown that the slopes are discontinuous at At = () and so the vertices
are formed, as shown in Fig. 8a,b for n =x;.

Figure 10 shows the comparison between the yield surface of perfectly plastic material
under plane stress conditions and the limit yield surface of Bieniek and Funaro (1976).
Both surfaces are very close to each other. Our yield surface has a continuous slope at
tV =: 0, but the yield surface of Bieniek and Funaro (1976) does not. Under plane strain
conditions, the yield surl~lce for perfectly plastic materials (n =:~fJ), as shown in Fig. Rb, is
the same as the parabolic yield surface of Rice (1972).

We curve-fit the yield surface by second order and fourth order polynomials for future
application under plane stress conditions. Table I lists the constants of these equations. We
can obtain good fits by second order polynomials for low hardening materials (with 11 > 3).
For high hardening materials (with n < 3), fourth order polynomials are needed to give
good fits.

Following the same procedure, we can derive the equation for the yield surfaces under
pure biaxial bending and twisting conditions from eqn (15). The result for any hardening
power 11 is

1.2....---..-------------------,

1.20.110.2 0.4 0.11
N/N L

n=oo

o

O.~

0.2

~
~
~
~

f
-0.2+---I---.---r--.....--..--.....£..~r_--l

-0.2

~O.lS
::II
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Fig. 10. Comparisons of the yield surface for n = .x. for pure power-law materials with the limit
yield surface of Bieniek and Funaro (1976)
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Table I

n A B C D E F G H J K

1 -6 1 -0.77 1.16 -35 -5 1 -0.24 -0.59 1.16

3 -16 1 -0.93 1.06 3846 -33 1 -0.11 -0.83 1.06

5 -26 1 -0.96 1.04 1077 -28 1 -0.05 -0.92 1.04

7 -35 1 -0.97 1.03 33040 -71 1 -0.03 -0.94 1.03

00 -I 1 0.004 -1.004 1

1399

Region 1: R == A,(P + B or

Region 2: Sf == cRt + D or

R == Eit· + FJft + G

it == HR· +JS t +K

(26)

where q is a function of the hardening exponent fl and the kinematic variables. In other
cases. we can obtain the yield surfaces using the numerical integration method.

S. DISCUSSION

In incremental plasticity theories. the flow rule is needed to establish the rate form of
the constitutive relation. Here. we propose a tlow rule based on the nonlinear clastic
(deformation plasticity) behavior of eqns (3), (II). and (12) in analogy to the work of
Storen and Rice (1975). The rate form of the incremental plasticity is expressed as

(27)

where 1)11) represents the tangent modulus and elll is the el1cctin: generalized strain rate.
Note that the rate form of the deformation plasticity theory is

S == D'c, (28)

where Dean be derived from eqns (II) and (12). Referring to Fig. 7. the el1i:etive generalized
strain rate in the corresponding incremental plasticity theory is

cl I) == n(n' c).

where n == c/lcl. Substitution ofeqn (28) into eqn (29) yields

Cll) == n(nl'· 0 I ·S).

(29)

(30)

where D I represents the inverse of O. From eqns (27) and (30), the tangent modulus 0 1
I)

of the corresponding incremental plasticity theory can be expressed as

(31 )

For determining the loading or unloading condition easily. we define'; == S· n. Plastic
deformation occurs when ~ > O. Otherwise. there is only elastic deformation and the usual
clastic modulus for elastic thin plates will be used. In addition. an initial yield surface must
be defined for specifying the elastic domain in the stress resultant space. However. we
are interested in the cases where the plastic deformation is much larger than the elastic
deformation. Therefore, a reasonable choice of the initial yield surface may not affect
the global results significantly. The proposed flow rule. of course, is restricted to nearly

c:;,\S ~7-l1"D
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proportional loading conditions. Further numerical experiments are needed to examine the
applicability of the proposed flow rule.

Adnoll-{edwmenl - The authors acknowledge the support of this work by the University Research Pwgram of
Fl'rd Motc)r Company.
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